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Abstract

A mathematical model is developed to predict the transport phenomena during evaporation in the extended me-

niscus region of a micro-capillary channel. In this model, the vapor pressure variation and the disjoining pressure effect

are included and the friction force at the liquid–vapor interface is considered as well. The results show that the local

heat transfer coefficient has an extremely large value in the thin film region. The heat transfer rate, however, is larger for

the meniscus than for the thin film region. The maximum liquid velocity appears at approximately 40% of the extended

meniscus region and the variation of the heat flux has a negligible effect on the maximum liquid velocity. It is also found

that the length of the extended meniscus region is affected by the heat flux, the channel height and the dispersion

constant.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Due to the miniaturization of the electronic devices

resulting from advancements in packaging technology,

the heat generated per unit area has dramatically in-

creased. Therefore, the control of the heat generated in

micro-scale electronic devices has become an important

topic in heat transfer research. A capillary pumped loop

(CPL) system has drawn a great deal of attention to the

fields of chip-level cooling in micro-scale devices. The

CPL system generally consists of an evaporator, con-

denser, and liquid and vapor lines. The evaporator is

the key component of CPL system. It is divided into the

meniscus, thin film, and adsorbed regions during the

evaporating process of the working fluid. In the thin film
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region of the evaporator, the heat flux is dramatically

increased and therefore, particular efforts have been

made to elucidate fundamental heat transfer mechanism

in such a micro-scale zone.

Since Derjaguin et al. [1] first analyzed the thermo-

fluid characteristics in the evaporating thin film region, a

number of excellent numerical and experimental inves-

tigations [2–4] have been conducted to predict the flow

and thermal characteristics for various evaporator

specifications. Recent research on the CPL system has

focused on the meniscus region as well as the thin film

region. DasGupta et al. [5] studied the transport pro-

cesses occurring in an evaporating extended meniscus.

They suggested the augmented Young–Laplace equation

with Kelvin–Clapeyron equation and kinetic theory that

can be used to model fluid flow and evaporative heat

transfer in the contact line region. Longtin et al. [6]

proposed a mathematical model using the control vol-

ume method to predict the fluid–thermal characteristics

of the micro-heat pipe having a triangular cross section.

The effect of disjoining pressure was not included in this

model and the liquid and vapor phases were assumed to
ed.
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Nomenclature

A area per unit width, m

A dispersion constant, J

f friction coefficient

h local heat transfer coefficient, W/mK
�hh average heat transfer coefficient, W/mK

hfg latent heat of vaporization, J/kg

H channel height, m

K curvature, m�1

L length, m

_mm mass flow rate, kg/s

P pressure, Pa

DP pressure drop, Pv;0 � P , Pa
q00 heat flux, W/m2

Re Reynolds number

u, v velocities of x- and y-direction, m/s

x, y axial and vertical coordinate, m

Greek symbols

d film thickness, m

q density, kg/m3

l viscosity, N s/m2

m kinetic viscosity, m2/s

r surface tension, N/m

s shear stress, N/m2

Subscripts

0 inlet or initial

c capillary

d disjoining

ev evaporating

i liquid–vapor interface

l liquid

thin thin film

v vapor

w wall
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flow in a counter-flow manner. They concluded that the

radius of curvature increases linearly along the flow di-

rection. Sartre et al. [7] presented a three-dimensional

model for predicting the heat transfer characteristics in

the extended meniscus region of a micro-heat pipe array.

This model adopted a similar mathematical concept

suggested by Longtin et al. and considered the heat

conduction effect at the substrate. They reported that

both the apparent contact angle and the heat transfer

rate increase with increasing wall superheat. Their

results, however, are limited to those of the thin film

region only. Peles and Harber [8] developed a one-

dimensional model that accounts for the boiling two-

phase flow and heat transfer phenomena in a triangular

micro-channel. They assumed that the vapor pressure

was constant and they did not take into account the

friction forces both at the liquid–vapor interface and at

the solid wall. Qu et al. [9] proposed the mathematical

model to account for the formation of evaporating thin

liquid film and meniscus in capillary tubes. They inves-

tigated the effects of radius and heat transfer on the

profile of evaporating extended meniscus region. As

mentioned earlier, many studies have assumed a con-

stant vapor pressure and they have not considered the

simultaneous effects of the disjoining pressure and the

variation in vapor pressure in obtaining the mathemat-

ical model in the extended meniscus region.

In this work, a comprehensive mathematical model is

presented to describe the two-phase transport phenomena

of the extended meniscus region in a micro-capillary

channel. The effects of the vapor and disjoining pressures

are included in this model. The governing equations are
obtained by applying different physical approaches to the

meniscus and thin film regions. The effects of the applied

heat flux and the inlet liquid velocity on the transport

phenomena are investigated. The emphasis is also focused

on the effects of the dispersion constant, the channel

height, and the heat flux on the location of dry-out point.
2. Mathematical modeling

A working fluid in a micro-capillary channel evapo-

rates due to the applied heat, resulting in the thinner

liquid film thickness and an increase in the radius of

curvature at the liquid–vapor interface. The phase change

phenomenon of a micro-capillary channel of a micro-

evaporator is schematically shown in Fig. 1. Heat is ap-

plied to both the bottom and top walls of the channel.

Only the lower half of a micro-channel is considered due

to the geometric symmetry. In this study, the following

assumptions are employed to obtain the model:

(1) laminar, incompressible and steady-state for both

liquid and vapor flows;

(2) constant properties including the surface tension,

and;

(3) negligibly small convective terms in the momentum

equation.

The behavior of the liquid–vapor interface is gov-

erned by the pressure difference in the liquid and vapor

phases. The pressure difference can be expressed by the

augmented Young–Laplace equation, which is given by



Fig. 2. Momentum equations for liquid and vapor phases in the

meniscus region.
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Fig. 1. Schematic diagram of micro-evaporator and its coordinate system.
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the summation of the capillary pressure and the dis-

joining pressure:

Pv � Pl ¼ Pd þ Pc ¼ � A

d3
þ rK; ð1Þ

where d is the liquid film thickness, A the dispersion

constant (¼)2.87 · 10�21 J, water), and r the surface

tension. The mean curvature at the liquid–vapor inter-

face (K) can be given as the sum of the x- and z-direc-
tional curvatures:

K ¼ Kx þ Kz ¼
d2d
dx2

1

"
þ dd

dx

� �2
#�1:5

þ 1

ðH=2� dÞ 1

"
þ dd

dx

� �2
#�0:5

; ð2Þ

where z-direction is perpendicular to the xy-plane.

Substituting Eq. (2) into Eq. (1) and assuming the con-

stant surface tension, the governing equation for the film

thickness can be obtained as

d2d
dx2

þ 1

ðH=2� dÞ 1

"
þ dd

dx

� �2
#
� 1

r
Pv

�
� Pl þ

A

d3

�

� 1

"
þ dd

dx

� �2
#1:5

¼ 0: ð3Þ

The profile of the liquid film thickness can be com-

puted using the liquid and vapor pressures as shown in

Eq. (3). Therefore, the flow and thermal analyses should

be performed in the extended meniscus region.

2.1. Liquid phase

Meniscus region: The theory of momentum over the

control volume per unit width (see Fig. 2) is applied for

obtaining the mathematical model for the meniscus re-

gion. The momentum equation can be written as

ðqlu
2
l þ PlÞ

dd
dx

þ 2qldul
dul
dx

þ d
dPl
dx

¼ sl;i � sl;w; ð4Þ
where u and s represent the velocity and shear stress,

respectively. In Eq. (4), the shear stresses at the wall and

at the liquid–vapor interface are given by [10]

sl;w ¼ 1

2
qu2l f ; sl;i ¼

1

2
qvu

2
vf � qvuvvv;i; f ¼ k

ReDh

:

ð5Þ

In the friction coefficient (f ), the constant, k depends

on the geometric configuration. The value of 24 is used

in this study for the infinite parallel-plate [11]. In addi-

tion, the Reynolds number is defined based on the

hydraulic diameter, Dh which varies along the flow di-

rection and sets to d (i.e., Dh � d).
The velocity of the liquid phase, ul can be obtained

from the mass conservation equation. The evaporative

mass flow rate through the liquid–vapor interface, _mmev

is given by

_mmev ¼ qlAl;ivl;i ¼ qvAv;ivv;i; ð6Þ

where vl;i and vv;i are the y-directional velocities of the

liquid and vapor phases, respectively, at the liquid–vapor
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interface. Al;i and Av;i denote the liquid- and vapor-side

areas, respectively.

Applying the mass conservation theory to the control

volume, as shown in Fig. 2, we can obtain the equation

ul
dd
dx

þ d
dul
dx

þ vl;i ¼ 0: ð7Þ

The evaporative velocity, vl;i, can be obtained using

the relationship between heat flux and evaporative mass

flow rate which is defined as

_mmev ¼
R xþdx
x q00dx

hfg
¼ q00Aw

hfg
; ð8Þ

where hfg represents the latent heat of vaporization.

Combining Eq. (6) with Eq. (8), the evaporative

velocity for the liquid phase can be calculated as

vl;i ¼
q00Aw

qlAl;ihfg
: ð9Þ

Thin film region: The Navier–Stokes equation in the

thin film region can be approximated by the lubrication

theory. Using the boundary conditions for a shear stress

at the liquid–vapor interface (y ¼ d) and a no-slip at the

liquid–solid interface (y ¼ 0), the equation for the liquid

pressure can be obtained as

dPl
dx

¼ 3

2d
d

�
� H

2

�
dPv
dx

� 3ml
d3

_mml; ð10Þ

where _mml represents the liquid mass flow rate per unit

width.

2.2. Vapor phase

Meniscus region: For the vapor phase, the following

governing equations are obtained using the momentum

and the mass conservation equations for streamwise

direction as in the liquid phase (see Fig. 2).

� ðqvu
2
v þ PvÞ

dd
dx

þ 2qv

H
2

�
� d

�
uv

duv
dx

þ H
2

�
� d

�
dPv
dx

¼ �sv;i; ð11Þ

�uv
dd
dx

þ H
2

�
� d

�
duv
dx

� vv;i ¼ 0; ð12Þ

where the vapor-side shear stress at the liquid–vapor

interface, sv;i, has the same magnitude but the opposite

direction, compared to the liquid-side shear stress which

is defined in Eq. (5).

Combining Eq. (6) with Eq. (8), we can obtain the

evaporative velocity of the vapor phase.

vv;i ¼
q00Aw

qvAv;ihfg
: ð13Þ

Thin film region: The pressure variation of the vapor

phase can be obtained using a form of the momentum
equation similar to the one used for the liquid phase and

the boundary conditions (i.e., shear stress at y ¼ d and

symmetric condition at y ¼ H=2):

dPv
dx

¼ _mmv

�
þ dPl

dx

�
� d2H

4ll

þ d3

2ll

�
qv

��
A; ð14Þ

where _mmv is the mass flow rate for the vapor per unit

width and A is

A ¼ � H 3

24mv
þ qvdH

2

4ll

þ dH 2

4mv
� qvHd2

ll

� Hd2

2mv
þ d3

3mv
þ qvd

3

ll

:

ð15Þ
3. Numerical analysis

The flow and heat transfer characteristics of the ex-

tended meniscus region of a micro-capillary channel are

governed by the liquid film thickness, velocities and

pressures for liquid and vapor phases. The governing

equations in the meniscus region (i.e., Eqs. (3), (4), (7),

(11) and (12)) are expressed as second-order and non-

linear ordinary differential equations. Therefore, the

following inlet conditions are needed to solve them.

d0 ¼ H=2:5;
dd
dx

				
0

¼ specific;

uv;0 ¼ 0; ul;0 ¼ specific;

Pv;0 ¼ Pv;satðTv;0Þ; Pl;0 ¼ Pv;0 �
r

ðH=2� d0Þ
� A

d3
0

:

ð16Þ

To prevent the singularity in Eq. (3), the inlet film

thickness of d0 ¼ H=2:5 is used. The gradient of the film

thickness at the inlet is set to a large negative value. The

inlet pressure of the vapor phase is set to a pressure at a

saturation temperature of 383 K, and the experimental

data of Khrustalev and Faghri [12] was used to obtain

the inlet velocity of the liquid phase (ul;0 ¼ 0:027 m/s).

Computation starts with the meniscus region. In the

meniscus region, the flow and thermal characteristics are

investigated by solving the governing equation with the

inlet conditions, using the 6th order Runge–Kutta

method. The pressures for the liquid and vapor phases

are obtained by using the finite difference method. In

this calculation, the x-location where the disjoining

pressure is greater than or equal to the capillary pressure

is treated as the starting point of the thin film region (or

junction of the meniscus and thin film regions). Thus,

the values corresponding to all variables (d, uv, ul, Pv, Pl)
at this point are used as the inlet conditions for the thin

film region. With conditions calculated and the gov-

erning equations (i.e., Eqs. (3), (10) and (14), the

transport phenomena for the thin film region are ex-

amined until the value of the thin film thickness is equal

to 10�9 m which is the value of liquid film thickness in

the adsorbed region [13].
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4. Results and discussion

A new mathematical formula employing different

analytical approaches for the meniscus and thin film re-

gions are presented in order to examine the transport

phenomena in the extended meniscus region. Based on

the developed model, the two-phase flow and thermal

phenomena are investigated numerically. Water is used

as the working fluid at a saturation temperature of 383 K.

4.1. Flow and thermal characteristics

The typical profile of the liquid film thickness (d) in
the extended meniscus region is shown in Fig. 3. The

channel height is 150 lm, the inlet velocity of liquid

phase is 0.027 m/s, and the heat flux is 1.0 MW/m2. It

can be seen from Fig. 3 that the liquid film decreases

exponentially as the working fluid flows toward the

adsorbed region. This profile is attributed to the fact

that the evaporative mass flux due to the applied heat is

much larger in the thin film than in the meniscus region.

The inset in Fig. 3 shows the enlarged film thickness

near the thin film region. The dotted line is the work of

Park et al. [4]. They analyzed only the thin film region.

The location of x ¼ 0 mm in the inset indicates x ¼ 3:264
mm in the extended meniscus region (i.e., the junction of

the meniscus and thin film regions). The length of the

thin film region (Lthin) is 17.5 lm that corresponds to

about 0.5% of the extended meniscus region and the

liquid film thickness at the inlet of thin film region (dj) is

estimated to be 16.2 nm. Park et al. predicted that

Lthin ¼ 8:2 lm and dj ¼ 23:4 nm. The discrepancy be-

tween our results and those of Park et al. may be due to

the mathematical model and the boundary conditions at

d ¼ dj.
x (m)

(µ
m

)

(µ
m

)

x (µm)

Fig. 3. Liquid film thickness for extended meniscus region and

thin film region.
The flow field in the extended meniscus region occurs

as a result of the pressure difference of the liquid and

vapor phases as shown in Eq. (3). Fig. 4 shows the

pressure drop of the liquid and vapor phases along the

flow direction. Both the liquid and vapor pressures de-

crease as the fluid flows toward the adsorbed region.

This indicates that the liquid and vapor phases flow in

the same direction. This result is different from that

obtained by Longtin et al. [6] in which the liquid and

vapor phases flow in the opposite direction. The figure

also shows that the liquid pressure drop is several hun-

dred times greater than the vapor pressure drop.

Therefore, it can be concluded that the shear stress at the

liquid–vapor interface is mainly due to the liquid pres-

sure drop and the flow characteristic in the evaporator

is strongly influenced by the liquid rather than by the

vapor pressure.

Table 1 shows the local heat transfer coefficients for

several x-locations. The local heat transfer coefficient (h)
is defined as

hðxÞ � kl
dðxÞ : ð17Þ

The local heat transfer coefficient in the meniscus region

is small, while that in the thin film region is extremely

large. The abrupt increase of hðxÞ in the thin film region

is due to the reduced thermal resistance by the thinner

liquid film thickness. The average heat transfer coeffi-

cients for the meniscus and thin film regions are 31.4 and

14,293, respectively. The heat transfer rate, however, is
Fig. 4. Pressure drop of the liquid and vapor phases.

Table 1

Local heat transfer coefficients for various locations

x (mm) 1 2 3 3.2641a 3.2665

h (W/m2 K) 7.1 18.2 70.6 2673.7 57944.0

a Starting point of the thin film region.



Table 2

Maximum liquid velocities and their locations with heat flux

Heat flux (q00, MW/m2)

0.8 1.0 1.2

ul;max (mm/s) 31.65 31.98 32.48

Corresponding

x-location (mm)

1.62 1.24 1.13
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larger for the meniscus than for the thin film region

because of the very short length of the thin film region.

4.2. Effects of heat flux and inlet liquid velocity

Fig. 5 represents the predicted liquid and vapor ve-

locities under the various heat flux conditions. For a

constant heat flux, the liquid velocity gradually increases

and has a maximum value at the location of 40% of the

extended meniscus region. Thereafter, the liquid velocity

decreases and finally approaches zero. The profile of the

liquid velocity is similar for all heat flux conditions.

The maximum liquid velocities and their locations are

listed in Table 2. The variation of the heat flux has a

negligible effect on the maximum liquid velocities. The

location of the maximum velocity shifts toward the inlet

of the extendedmeniscus region as the heat flux increases.

Fig. 5(b) presents the effect of the heat flux on the

vapor velocity. The vapor velocity increases linearly
Fig. 5. Liquid and vapor velocities with heat flux.
along the flow direction and increases sharply near the

thin film region. It should be noted that the evaporative

mass flux in the thin film region is dramatically increased

due to high heat transfer, as shown in Table 1. The

maximum vapor velocity does not change even though

the heat flux increases. Comparing Fig. 5(a) with Fig.

5(b), the vapor velocity is much larger than the liquid

velocity for the same x-location and a constant heat flux,

as expected. Notice that the vapor velocity is about one

thousand times as fast as the liquid velocity under a

given heat flux.

Fig. 6 shows the profile of the liquid film thickness

for various inlet liquid velocities. The film thickness and

length of the extended meniscus region decrease with

increasing inlet liquid velocity. This is mainly due to the

increased pressure difference between the liquid and

vapor phases with increasing inlet liquid velocity.

However, the influence of the inlet liquid velocity on the

profile of the film thickness is less significant.

4.3. Dry-out point

The most important factor in designing the micro-

evaporator is to predict the location where the dry-out

phenomenon occurs (i.e., accurate determination of the

length of the extended meniscus region).

Another interesting result predicted from the present

model is shown in Fig. 7, which gives the length of the
Fig. 6. Liquid film thickness with inlet liquid velocity.



Fig. 7. Effect of heat flux, channel height, and dispersion con-

stant on the length of the extended meniscus region.
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extended meniscus region for various heat fluxes (q00),
channel heights (H ), and dispersion constants (A). In the

figure, the baseline conditions for them are H ¼ 150 lm,

q00 ¼ 1 MW/m2, and A ¼ 2:87� 10�21 J. The length of

the extended meniscus region decreases exponentially

with increasing heat flux. This is due to the decreased

liquid film thickness caused by the increased evaporative

mass flux at the liquid–vapor interface as the heat flux

increases. For q00 < 5 MW/m2, L decreases dramatically,

but for q00 > 5 MW/m2, L does not change. This implies

that the variation of the heat flux has a negligible effect

on the length of the extended meniscus region if the heat

flux is greater than 5 MW/m2. In addition, when q00 > 5

MW/m2, the value of L is about 0.2 mm.

The liquid film thickness increases with channel

height because of the attenuated pressure gradient of

liquid phase. The thicker film thickness causes the

evaporative mass flux at the liquid–vapor interface to

decrease and L increases linearly.

The length of the extended meniscus region increases

linearly with the dispersion constant. The reason for this is

that for a larger dispersion constant, the extendedmeniscus

region is extended farther down the channel because the

attractive force strongly acts on the region between the

liquid and the solid wall. Therefore, it can be concluded

that the surface treatment plays an important role in

designing the micro-evaporator because the dispersion

constant is strongly related to the surface roughness.
5. Conclusions

In this study, a mathematical model describing the

two-phase flow and thermal characteristics of the
extended meniscus region in a micro-capillary channel

was successfully developed. Based on the developed

model, fundamental transport phenomena were investi-

gated and the effects of various parameters on the flow

and heat transfer performance were also discussed.

The results showed that the profile of the liquid film

thickness decreased exponentially and the vapor and

liquid phases flow in a parallel-flow manner. The local

heat transfer coefficient has a very large value in the thin

film region. The heat transfer rate, however, is larger for

the meniscus than for the thin film region. The influence

of inlet liquid velocity on the profile of the liquid film

thickness was less significant. The maximum liquid ve-

locity occurred at approximately 40% of the extended

meniscus region and the variation of the heat flux had a

negligible effect on it. With increasing heat flux, the

length of the extended meniscus region decreased ex-

ponentially. However, the length of the extended me-

niscus region linearly increased with the dispersion

constant and the channel height.
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